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(Q,F,P) W x Q
o F # ()
= R" 3
t £(t, ) F
R! F [to, t1]
£=¢(.") FxQ -
5 EGhw) F
3 £(hw) 3
F S0 < 81 < 82 < < Sy

£(50),&(51) = &¢50)5 - -+, &(5m) — E(5m—1)
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3
21 ( )
1 w
D). we N w(ty) =
). w
?3). w(t) —w(s) t,s € F a2t — s|
4. weN w(t)
o oc=1
Elw(t)|F(s)] =w(s), 0<s<t
F(s) s
o ) E[-|F(s)]  F(s)
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Levy

Lipster and Shiryayev(1977)

(Wiener process)



2
b(t), £ >0
F () (F(®) )
yA T
E  ¢(t)2dt < 0o
0
T
z t
I(t) = , ¢(u)dw(u)
5
(1). I(t) ¢
(2)- I(t)  F(t)
3). 1(t)
R t
(4). BI(t) =0, EI(t) = E ! ¢*(u)du .
Ry
(5)- (L, D)) = ¢ ¢"(u)du .
3
z t z t
§()—&(to) = B(r)dr+  A(r)dw(r), te F ey
to to
4 {z} (quadratic variation)
>
(z,z)(t,w) = lim |2(tky1, w) — z(tk, w)|?, in Probability
At —0
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0=t <ty <tz <.+ <th =t Atk = tkp1 — tk Chung and
Williams(1990) Karatzas and Shreve(1991) Protter(1990)
5¢ X
o(t,w) = €j (@) jja—n (j+1)2-n)(®)
j=o0
zZ, >
pw)dw(u) = ej(W)[wtji1,w) — w(tj,w)]
0 >0
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Z t Z 4
E t |B(r)|dr < oo, E t |’y(r)|2dw(r) < o0
F(t)
d¢ = B(t)dt + y(t)dw, t € F (2)
Fox w(tvx) 1/)t71/)xv¢mz o
1/) 01,2
£ n (2)
>
j=1
d
= (&1, ,60)" w=(wy,...,wg)"
B B=(B1,---,6n) o (A Vi (2)
13
2.1 ( )
0 ct? n(t) = [t, &(1)] £ (2

Ay = Wl €O+ (1, 60 + b (1, 6(0)) e,
Wb, €)1, EW)BOE + 301 EON (1)t + (1, E0) (D)o

2
n dt? ~ 0, dwdt ~ 0 2 de(t)dE(t) =
Y2 (t)dw(t)dw(t) = v (t)dt 2 dw 2
3 3) n
X
Yo = (Yayy sV ) Qi = Yavi
1=1
1 X
dip = i, €(1))dt + u(t E(1)dE + 5 Vuia; (T, §(1))dEidE;,
ij=1
= 1 X x >
= ¢t(ta f(t))dt + 7/"901 (tv g(t))ﬂz (t)dt + 5 aijd"wiw (t’ E(t))dt + 1/’% (t’ f(t)) il (t)dwl
=1 i,j=1 i=1 1=1
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B,y i3

d€ =b(t, &(t))dt + o(t, &(t))dw (4)
w 1
XK
dgi = bi(t,E@W)dt + o3 (t,E()dwy, i =1,2,...,m
j=1
(4)
z t yA t
£(t) = &(to) + t b(r, §(r))dr + t o(r,&(r))dw(r) (5)
&(to) 4 )
( )
(1). (t,x), (t,y) € Q° = (to,t1) x R

[b(t, ) = b(t,y)|[ + [lo(t, z) — o(t,y)l| < Kllz—yl)

K
(2). reR* te (to,tl)
bt 2)I? + llo(t, 2) 1> < K2(1+[|z]?)
K
Ilz|| (1) Lipschitz (2)
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3
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z
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e U(x) Ss.t
Z
Ssa¥(y) = W(x)P(s,y;t,dx) = Egy U[£(2)]
Esy £(s) =y
Ss,t = Snt(ss,’,-), s<r<t
V()
[ U(t, ), z €
. Stpvn ¥ — StV
H ()= lim ———mMm——
Y=g T
Sie=1 04 ()T
Ss,t+h\11 - Ss,tq/ o St,t+h(Ss,tq/) - Ss,t\Il
h N h
u(t,z) = S5, ¥(x) h
8ug£ 2 “ (tu(t, )
P(s,y;t,B) = P(0,y;t — s, B)
St = So
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8
). e>0 teF rE€R"
Z
lim At P(t,x;t+ h,dz) =0,
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lim |z — x| P(t, ;t + h,dz) = 0,
h=0%  z—z||>€
b(t,E()h  alt,E()h £(t) ;
€+ 1)~ €() a
>
a;; = 04015, 4,3 =1,...,n
=1
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9
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¢ b a ¥
1 X r2v X or 1
AV = 3 o az‘j(taf)m + L bi(f,f)a—xi = Eall’wm + 07, (7)
v ¢ C?
T
T
To(w) = inf{t > 0; £(t) # =}
z t P (1, > t)
Py(1, > t) = e 2@
Te /\(:L‘) E:E(Tac) = 1/)\(33) T
E P, (&(2) € E)
7w(z, E) = Py (&(12) € E)
# (1)U
U =A\7l — D)
VA
W)= (e dy)U(y)
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()0 (x) = MT(x+ 1) — U(x))
9 QDksendal(2005) 7 Karlin and Taylor(1981)
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3 (4) n(t) = (¢, £(t))

1 X
dU:¢Ktﬂ0Wt+¢AtﬂUWU£WV+§V

i,j=1

ijtha,a, (£ E(1)dE + o (8,€(1))o (¢, £(2))dw,

Z t Z t
Y(t,E(1) —d(s,8(s) = [he + & (r)(r)ldr +  Prodw
2.3
¢ 01,2
(Say) Z t
Eq, |4 + & (t)(t)|dt < oo
Z t
Y(s,y) = —Egy [ + & (0)Y(t)]dt + Esyb(t,€(2)) (8)
3
(Q,F, P) X Z P(Z>0)=1, EZ=1

p

Z
P(A)= Z(w)dP(w),AeF

A

p (2, F, P) P PP

10 X
P EX p EX
EX = E[XZ]
Z
dP
Z=1p
t F(t)

Z(t) = E[Z|F(t)], 0<t <T
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0<s<t<T

E[Z(t)|F(s)] = EIE[Z|F@)]|F(s)] = E[Z|F(s)] = Z(s)

Girsanov
11
2.4 (Girsanov )
w(t), 0<t <T (Q,F,P) F(t)
o) F)
Z, Z,
Z(t) = exp{— Ou)dw(u)—= ©%*u)du} 9)
Z, °
w(t) = w(t)+ . O(u)du (10)
Zr
E 02(u)Z?(u)du < oo
0
Z =Z(T) EZ =1 P w(t)
w(t) dwdw = dt dZ(t) = —O(t)Z(t)dw(t)
Z,
Z(t)=20)+ O(u)Z(u)dw
0
Z(t) ©
S
as
<= adt + odw
Z, Z, 1
S(t) = S(0) exp{ ; cdw(s)+ (a— iaz)ds}
t r(¢) D
dD Z
o = —r(t)dt D(t) =exp{ —r(s)ds}
0
z, z, X
D(t)S(t) = S(0) exp{ . odw(s) + . (a—r(t) — Eaz)ds}

d(D(t)S(t)) = (a(t) — r())D(t)S(t)dt + o (t)D(t)S(t)dw(t)
1 Karatzas and Shreve(1991) @ksendal(2005)
Shreve(2004)
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d(D(t)S(t)) = o(H)D(t)S(1)[O(t)dt + dw(t)]

(€] Girsanov

p 0
D(®)S(t) E[D(t)S(t)] = 5(0)
dw = dw — Odt
ds(t) -
S0 r(t)dt + odw(t)
P
P
3
£(t)
Zr

u
u(t) = u(t,£(1))
(to,:l:o) T L
|L(t,z,u)| < C
o
Q° U( )
u
d§ = f(t,&(t), u(t))dt + o(t,&(t), u(t))dw (11)
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flt,z,u),o(t,z,u) Ct

1/(,0,0)l < C, llo(t,0,0)] < C
I fell + Il full < C; ozl + loull < €

o
W(Sv y) = sup J(Sv Y, U)
(s,9) s
(s,9) € Q° W(s,y) = J(s,y,u”)
=W s<t<T
Z,
W(s,y) = —Es  [Ws(r,&(r)) + & (r)W (r,&(r))]dr + Eg,W(t, £(¢))
C
wa (r, 7) = u(r,z), r<it,
v u*(r,z), r>t
Z,
J(s, Y, Ul) = FEgy L(r,f(r), u(r))dr + EsyJ(tvf(t)a U*)
W(t,£(t) = J(¢,£(t), u”)
Z,
W(s,y) > J(s,y,u1) = Esy L(r,&(r), u(r))dr + EsyW(tvf(t))
(13) (12) v=u(s,y)
0> W, + & (s)W + L(s,y,v)
v =U"(s,y)
Ws + sup[-"'(S)W + L(S,y,’())] =0
veU
W(T,y) = 2(T,y)
(14) - - (Hamilton-Jacobi-Bellam;HJB)
o (7)
1 X 2w X ov
#(s)T = 3 L aij(s,y,v)m + . fi(s,y,v)a—yi
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3.1( )
Wi(s,y) ( - - )

W + max[s ()W + L(s,5,0)] =0, (s,4) € Q°

). u (s,y) € Q°

W(s,y) > J(s,y,u)

?. u (s,y) € Q°
()W + L(s,z,u”™) = mea[}([.-ar’(s)W + L(s,z,v)]
W(Say) = J(SvyvU*) u*
Fleming and Rishel(1975),chapter u
u
(11) u
Zr

Vi(s,y) = sup By L(t, £(8), u(t))e P Ddt + B(T, (T))e T

W(s,y) =V(s,y)e
(14)

Vs + max|(s)V + L(s,y,v)] = pV (s,7) (16)

z
F(s,y,u) = Eqy| ' L(t, &(t), u(t))e " dt + @(T,€(T))e )]

S
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V(s,y) = sup F(s,y,u)

Zr

F(s+dt,y+de,u) = Bsvaryraal Lt E@),u(t))e 77Dt + (T, (T))e 1)

s+dt

yA s+dt

F(s,y,u) = Eg] L(t,&(1), u(t))e_p(t_s)dt + e_pth(s +dt,y + dx,u)] + o(dt)

S

= Esy[L(s,&(s),u(s))dt + e_pth(s +dt,y + dz,u)] + o(dt)

V(s,y) = sup Esy[L(s, &(s), u(s))dt + e_”dtV(s +dt,y + dz))

V(s+dt,y+dx) =V(s,y) +dV(s,y) + o(dt)

an)
V(s,y) = sup Egy[L(s,&(s), u(s))dt + e~V (s,y) + e7*"dV (s, )] + o(dt)
2 3
e Pt :1—pdt+%—%+...
dt =0 (17)
PV (5,9) = max {5, 9, 0) + 7 Foy AV (5,1)])
(13)
(18) AV (s,y) (18) (16)

4 Black-Scholes-Merton

Merton(1973b)
(1)
(2).
% = adt + odz
o o?
( ) a o
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T T B(T)
% =r(r)dt+op(r)dw(t;T), 7=T-—t
r(7) op(7)?
dw(t; T) r(7)
1
dw(t;T)dw(t;T) = prrdt, prp <1lforT #T.
dw(s;T)dw(t;T) =0, for s £t; dw(s;7)dz(t) =0for s #¢
1
B(0) =1 o5(0) = 0
r(r)=r,op=0 B(r)=e""
a, o, (1), op
(2, w)
dw dB = rBdt
T H B
r=T—t E H=H(S,E,t)
H
1
dH = HgdS + H.dt + §H55deS
H, T

dSdS = o?S2dt,

dH
T agdt + ogdz

1
(6528 [Ht+§UZSZHss+aSH3]/H,

O'SHs/H

OH

15
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n1 n2

n3 ny+nz+nz3 =0 dY
ds dH dB
dY = nlg + nzf + 77,3?
dS, dH, dB ng = —Ny1 —ny

dY = [ni(a—1) + nz(ag — r)]dt + [n1o + npopldz

nio + naog =0

dY =0
ni(a—r)+mna(ag —r)=0
a—7T o g — T
g o oy
ag, o Black-Scholes

Hy +rSH, + %JZSZHSS =rH
T
H(S,E,T) = max(S — E,0); H(0,E,t)=0
12
4.1 (Black-Scholes )
H(S,E,T) =max(S — E,0); H(0,E,t)=0
(23) c(S,E,t)= H(S,E,t)

¢(S,E,t) =SN(d1) —Ee"""N(dp), 7=T—t¢

N()
In(S/E) + (r + 1o?)r
d]_: (/ ) ( 2 ), dzzdl—d\/F
o\T
121960 Samuelson 1960 70
Merton Black  Scholes(1973)
Black-Scholes(1973)
Merton(1973b) Black-Scholes-Merton

Merton(1990)
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X AS (A ) X —AS

dt
dX = A(t)dS(t) + r(X(t) — A(t)S)dt = rX (t)dt + A(t)(a — )S(t)dt + A(t)o Sd=
e "t X(t)

d(e™"X(t)) = —re "' X (t)dt + e "dX (1) = A(t)(a —r)e " S(t)dt + A(t)oe T S(t)dz

S ( E T
) (S, E,t) (S, E,t)
1
de(S,E,t) = ¢+ csdS+ §Cssd5d5'

1
= Jep+ aScg + =02S5%cgg|dt + oScgdz
2
e (S, E,t)
1
d(e "c(S,E,t)) = e "[—rc+ c; + aScs + 50252033]dt +e "oScgdz

X c t
e "X (t) =e (S, E,t)

d(e "X (t)) = d(e (S, E,t))
X(0) = ¢(S(0), E,0) (25) (27)

1
At)(a—7)S(t)dt + A(t)oS(t)dz = [-rc+ ¢t + aScs + EazSzcss]dt +o0Scsdz

A(t) = CS(Sant)

1
A(t)(a—7)S(t) = —rc+ ¢ + aScs + 50252055
Black-Scholes
1
(S, E t) +rS(t)es(S, E, t) + 50252035(S,E,t) =rc¢(S, E,t)

A= Cs
Black-Scholes(1973) 1/A

Black-Scholes
D(t) = exp{—rt} (25)

d(D()X (1)) = At)oD(t) X (t)dz
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)
I\

0=(a—r)/oc dzZ=dz+0dt
( ) D)X (t)

D(H)X(t) = E[D(T)X (T)|F(t)]

exp{—rt}c(S, E,t) = E[exp{—rT} max(S(T) — E,0)|F(t)]

Black-Scholes 13

dS = (a — 6)Sdt + odz
dy

HgéSdt o
1
ag = [Hy + 50252H55 + (a—9)SHg|/H,

1
H,+ (r—0)SH, + EO'ZSZHSS =rH
Black-Scholes-Merton

c(S,E,t) = e "SN(dy) — Ee"""N(dp), 7=T—t

”Covenience Yield”

d17 d2
In(S/E) + (r — 6 + 302
d1=n(/ )+ ZJ)T, dp = dy — o7
o\T
14 )
”Covenience Yield”

15
13 Shreve(2004) 5
14 Merton(1973b) Shreve(2004)

15 Brennan and Schwartz(1985)
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Merton(1973a)
ICAPM(Intertemporal Capital Asset Pricing Model)

Cki—T‘Z)\piMO'i; )\:CKM—T (30)
oM
piM i oM
oM ; )
A
1 ( )
t S(t)
C(t) t
7(t) = max[S(t) — C(¢),0]
S(t)
% = agdt + ogdzs
dZs
s 7(s) H(S(0),C(s),s)
H(S5(0),C(s),s) = e " Eom(s)
r ( ) Eo
s C(s) H(S(0),C(s),s)
t H(S(t),C(s),s—1)
H(S(t),C(s),s —t) = e "CDEym(s).
Et t
C(t)
C(t)
H (C(s) S

1
dH = Hydt + agSHgdt + Eaésszsdt + 0sSHgdzg

19



dH = aHHdt+UHHdZS

\%
1
apg = [Ht +agSHs + EO%SZHSS]/H
o = (SHsos/H)?
dH/H dS/S
Cov(dH/H,dS/S) opdzsogdzs
PHS = = =1
ogosdt opogdt
H

UHMdt = COV(dH/H, dM/M) = O’HdZSO'MdZM = O’HO'MpSMdt = pHMUHO'Mdt
PHM = PSM

pavon = (S/H)Hspsmos

H ICAPM
(30)
ag —T = ANpHMOH
A PHMOH  QH
H;,+(r—6)SHs + %agsszs =rH
d=ag —as; ag=1r+Apsu0s
(31) Black-Scholes-Merton
H(S(s),C,s) =max(S(s) — C,0)
Black-Scholes (29)
t
HO(Sa 07 t)
v
Zr
V(S,C,0) = Hy(S,C,t)dt
0
T
Black-Scholes 16 t
( ) V(S(t),C(t),t)
16 Brennan and Schwartz(1985) Dixit and Pindyck(1994)
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Y=V -nS (t,t + dt)
dY =dV —ndS m(t)dt
)

1
dV —ndS + n(t)dt — onSdt = [V; + 5agszvss + asSVs — nagS — onS + w(t)|dt
+ (Vsdss - nUSS)sz

n = Vs 2
r(V —nS)

1
Vi + 50%521/55 +(r—90)SVs +n(t) =rV

1% t
V,=0 17 t S<C
m(t)=0
1
50’%52‘/55 + (7" — 5)SVS =rV
t S>C
1
50@521/55 +(r—08SVs+8—-C=rV
(33)
V(S,C) = A15P* 4+ A,5"2
Ay, Ay b1, B2
1
§Jgﬂ(ﬂ—1)+(7’—5)ﬂ—7‘=0
B1 < B2 01 <0, Ba>1 S<C S —0
1% A1 =0
V(S,C) = Ap5°.
(34)
V(S,C) = B1SP* 4+ B,S™ + % _¢
”
S
B2 >1 By #£0 1%
V(S,C) = B1SP + 5_ %
t 18
z z
> o S(t
E, S(t+ s)e H*ds = S(t)e*s%e g = ®)
0 0 p—as
17
18 T
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C/r
p=7r+ Aospsm

0 =pu—ag t 1%
S(t)/6—C/r S<C
\%4
BiSh 42 ¢ S>C
v(s,o)= W teTE e 22
Ay 8Pz, S<C
By A, S=C
Sit)=C S(t)
V(S,0) St)=C
ApSP2 = B1SP + 5.¢ (36)
6 r
V(s,c) Sk =cC
ApfipSP T = iS4 (37)
19 Az, By
Cl=p2 -1 Cl=h -1
ap=—— (2Bl g £ &l
Bo—pP1 T 0 Bo—01 T é
r, 6, C V(S,C)
20
Dixit (1989)
S>C S > Sy
SH S < St
\%4 w Black-Scholes-Merton
1
50@52%5 +(r—08)SWs =rW, (38)
1
§a§SZVSS +(r—0)SVs+S—-C=rV (39)
W(Ss,C) = AS%, S<§p :
5, S C
V(S,C) = BSl—FE—?, S > Sy
19 (Black-Scholes-Merton ) S
Karatzas and Shreve(1991) 4.4.9
20Dixit and Pindyck(1994, Chapter 6) r=346=0.04, C =10 os =0, 0.02, 0.4

22



W(SH) = V(SH) — k; V(SL) = W(SL) — l,
Ws(Su) = Vs(Su); Vs(SL) = Ws(SL)

A, B Su, St

Sy >CH+rk; S, <C—rl

21 Sg St bang-bang(Ss)

1
Vi + VsagS + 5V550’§~82 +7(t) = uV

22

% = acdt + ocdze

dZC
s m(s) ( ) H(5(0),C(0),5)
i H(S(t),C(t),S—t)

1
dH = [H;+ asSHs + acCHe  + 5(0%52}[33 + JéCzHCC +2CSogocpscHse)|dt
+ HgogSdzs + HoocCdze

H

1 1
ag = [Ht +asSHg +acCHg + ingZHss + idéczHoc + CSJsoopscHso]/H

O'%[dt = Var[SHgogdzs + HcacOdZC]/Hz

puon = [HsSospsm + HoCocpeml/H

21 Dixit(1989)
22

23
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ICAPM

oag —Tr = /\pHM(TH

1 1
Hy+ (r —0)SHs + (r —n)CHc + EagSszs + 5aéCZHCC + SCHscosoopsc =rH — (41)

24

H(S,C,t)
dy
da
o2

23
2
K
K L
0(t)
ng
L(t) ¢
L(t)

n=(r+Apcmoc) — ac

e 9TSN(dy) — Ce " N(dy),
In(S/C) + (n— 6+ 30%)7

o\/T ’
dy — o/,
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