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Abstract

We will study the unbalanced growth in a neoclassical two-sector optimal growth model with
sector specific technical progress, which is an optimal growth version of Ara (1969), and will
demonstrate the existence and the saddle-point stability of the optimal steady state (OSS) in the
efficiency-units. By so doing the efficiency-units OSS paths will exhibit the unbalanced growth in
terms of the original-units; each sector will grow at its own growth rate. Furthermore the growth
rate of the aggregated output (GDP) will converges to the one of the sector with the higher
technical progress.

JEL Classification:014,021,024,041

1. INTRODUCTION

We have witnessed a recent resurgence of an interest on growth and structural change. In fact,
the industry-based empirical studies across countries clearly have shown that growth in an
individual industry's per capita capital stock and output grow at industry's own growth rate,
which is closely related to its technical progress measured by total factor productivity (TFP) of
the industry. For example, per capita capital stock and output of the agriculture industry grow at
5% per annum along its own steady-state, whereas they grow at 10% annually in the manufacturing
industry, also paralleling the industry's steady state. Syverson (2011) has recently reviewed these

arguments discussed above. Let us refer this phenomenon as “unbalanced growth among
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World: Conference in Honor of Jean-Michel Grandmont, June, 2013 in Marseille, France and the IV CICSE
Conference on Structural Change, Dynamics, and Economic Growth, September, 2013 in Livorno, Italy. I thank
Alain Venditti, Jess Benhabib, Arrigo Opocher and Rachel Ngai for their useful comments to the earlier version
of the paper. The research was supported by Grant-in-Aid for Scientific Research #22530187 and #25380238.



industries.”

The attempt to understand this phenomenon has generated a strong theoretical demand for
constructing a multi-sector growth model, yet very little progress has been made so far with the
only exception of Baumol (1967) and Ara (1969). Baumol (1967) has set up an unbalanced growth
model and demonstrated that if resources are shifting from progressive sector like electrical
machinery sector towards sectors where productivity is growing relatively slowly like service
sector, the aggregate productivity growth rate will slow down. Based on this theoretical
observation, he has concluded a very pessimistic result that costs of service industry; costs of
education, fine arts and government services will increase forever. This phenomenon is often
referred to as “Baumol’s cost disease.” On the other hand, Ara (1969) set up the Uzawa-type two-
sector growth model with the Cobb-Douglas production functions with constant-returns to scale
and proved that each sector’s growth rate will eventually converge to the growth rate determined
by the sector-specific technical progress.

Recent exceptions are Echevarria (1997), Kongsamut, Rebelo and Xie (2001), Acemoglu and
Guerrieri (2008) and Ngai and Pissariadis (2011). Setting up an optimal growth model with three
sectors: primary, manufacturing and service, Echevarria (1997) has applied a numerical analysis
to solve the model. Kongsamut, Rebelo and Xie (2001) have constructed the similar model to the
one of Echevarria (1997), while they have investigated the model under a much stronger
assumption than her: each sector produces goods with the same technology. In other words, they
also assume a one-commodity economy. On the other hand, Acemoglu and Guerrieri (2008) have
studied the model with two physically differentiated intermediate-goods sectors and single
final-good sector. Note that the last two models will share a common character: one final good
economy except Echevarria (1997). Ngai and Pissariadis (2011) has set up the multi-sector
optimal growth model with the capital good and demonstrated that contrast to Baumol’s claim,
the economy’s growth rate is not on an indefinitely declining trend.

It is important to note that all the analytical models mentioned above share a common defect;
since they assume the same production functions among sectors, except sector specific
exogenous technical progress, their models would be identified as one-commodity economy.
Because of this property, they could aggregate sector’s output even in a transition process.
Contrast to their model, we will study a two-commodity economy in this paper. We assume that
each good is produced with a different technology; consumption-goods and capital-goods are
completely differentiated physical characters. As I will demonstrate later, this feature of the

model will make the characteristics of the model far more complicated.
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In Section 1, I will set up a similar two-sector optimal growth model with the general
neo-classical production functions to Ara’s two-sector growth model which will be discussed in
Appendix A, in which each industry exhibits the Hicks-neutral technical progress with an
industry specific rate. Then I will study the model under the optimal growth setting, which shows
a sharp contrast to Ara’s analysis. In Section 2, I will rewrite the original model into a per capita
efficiency unit model. Then, I will transform the efficiency unit model into a reduced form model,
after which the method developed by Baierl, Nishimura and Yano (1998) will be applied to show
the existence of unbalanced growth. In Section 3, the saddle-point stability of unbalanced growth

will be also demonstrated.

2. MODEL AND ASSUMPTIONS

We will begin with listing up the notation:

7 : a subjective rate of discount,

Cit)eR, : the total good consumed at 7,

c()eR, . C(t)/ L(t) e R,,

Y(t) cR . :the ™ period capital output of the capital good sector,
K (t) € R+ : the total capital good at t,

K (O) € R+ : the initial total capital good,

Ki (Z) €R, : the t™ period capital stock of the i sector,

L(t ) = R+ : the total labor input at t,

L (O) €R + : the initial total labor input,

L()eR,

: the t™ labor input of the i™* sector,

o : the depreciation rate,
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4()

: the Hicks neutral technical-progress of the i sector,

where 7 =0 andi =1indicate the consumption good sector and the capital good sector
respectively.

We will make the following two assumptions on the model:
Assumption 1.
1) The utility function u( - ) is defined on R ., as the following:

u(C(t)) = c(t)=C(t)/ L(t) (> 0 for t = 0).

2) L(t)=(1+g)" L(0), where g is a rate of population growth.
Assumption 2.
1) All the goods are produced with the following Cobb-Douglass production functions with the

Hicks-neutral technical progress:

C(t) = 4, (DK, (6)" L ()™ and Y (t) = A, (K, (1)" L, ()"

where o, +a, =land p,+ f, =1.
2) A(t)=(1+a,)' 4(0) (i =0,1), where @, isa rate of output-augmented (the Hicks-neutral)
technical-progress of the i ™ sector and givenas0 < a, <1.

Note that 2) of Assumption 2 implies that the sector specific TFP is measured by the sector
specific output-augmented technical progress (the Hicks-neutral technical progress), which is
externally given.

Before setting up the model, we will divide all the variables by 4 (£)L(¢) and will transform
the original variables into per -capita efficiency-units variables. Now let us define the following

normalized variables:

oY) C) KO
YO ot O how "7 e
K, (1) LO , 0 LO
= A > Yo
GO =" L= 5 =T

Firstly, let us transform the both sector’s production functions into the efficiency-units ones as

follows; dividing both sides by 4, (#)L(¢), we will yield

c(?) Zfo(ko(t)ago(t)) =k, ()" Ly()" and y(t) = f] (k (1), £,(0)) = k1(¢)ﬂ1 fl(t)ﬁz-
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The next step is to derive the efficiency-units production possibility frontier (PPF) as shown in
Lemmal:
Lemma 1. The efficiency-units production possibility frontier (the efficiency PPF for
short): ¢=T ()7, k) is explicitly calculated as follows :

5]

=Tk =| — 2P| Th—e(rs )
c T(y,k) A(;{’;) [k e(k,y)} 1
, whereA(k,)N/) =ao,Bk+(ap, - 0!2ﬂ1)e(k, ;/) and e(k, )N/) is the function obtained by solving

the following equation with respect to kl :
B ~ 5
(alﬂZ) k, = y[azﬁlk +ap, - aZIBl)kl] .

Proof. We will apply the numerical method studied by Baierl, Nishimura and Yano (1998).
Under Assumption 2, let us consider the problem (*) where the time index is dropped for

simplicity :
(*)Max c=k"0," st. y=k"0/”, 0,+0, =1and k,+k =k.

The profit-maximization of both sectors will yield the following first order conditions :

r_ ol _ Bl .
wo .k Bk,
Solving the above equation with respectto ¢, and substituting into /; + ¢, =1 , we have
f] — alﬂ2kl . (2)
a2ﬂ1k + (a1ﬂ2 - azﬂ1)k1

Furthermore, substituting (2) into y(¢) = k, (z‘)/"l V4 l(t)ﬁ2 yields

k @B = Fafk+@p-afk] =5[ak )], @)

where A(k,3)=a, Bk + (B, — . Bk
Solving (3) with respect to k; , we will obtain

k= e(k.5). @)

Then substituting (2) and (3) into ¢ =4k," /" and after some manipulations, we yield the

following efficiency PPF eventually :

@

io| —2A | (k—e(k5)).
A(k,j;)( ())



|

Remark 1. Note that the derived efficiency-units PPF is constructed such that the original-units
PPF at each period will be pulled back to the corresponding efficiency-units PPF by discounting with
each sector’s rate of TFP growth ( Ai (l‘ ) ) as depicted by Figure 1, below: In Figurel, four PPF curves
of t-th and (t+1)-th periods are drawn. The original-units PPF and the corresponding efficient-units
PPF curves are drawn. The efficient-units PPF curves at t-th period will be constructed by discounting
back the original-unit PPF at each sector’s TFP growth rate along the each axis. The efficiency-units
PPF at (t+1) th period will be obtained by applying the same procedures to the original-units PPF at
(t+1) th period.

(fr=cind. (- - =< =~

Discounting bae .. The efficiency-units PPF at t
~

~
N ~
» N

N ~_ [ The efficiency-units PPF at (t+1)

\ ““*‘_ The original-units PPF at t
3 \\ \
1

\ g

. N H

\\ Discountif\g back ‘l 1
| 1 !

1
o) y+D v = 04D

> (1)

Figure 1. The Efficiency-units PPF

Now let us construct the following optimal growth model in terms of the per-capita

efficiency-units:

-The Per-capita Efficiency-unit Optimal Growth Model-

Max z p'c(t)
t=0
st.k(0) =k,

E(t) = T(Jj(t)ak(t)) (t = 0515)
v +(1A=-k(®)—(1+g)k(+1)=0 (t=0,1,--). 5)
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The objective function in terms of per-capita term is derived as follows: Let us rewrite the

consumption in terms of efficiency-units.

G- CO e _aw
A, (t)L(t) (1+a0)’A0(O) (1+a0)”

where I assume that 4 (0) =1 for simplicity.

Then the infinite discounted sum of consumptions? will be rewritten in terms of efficiency-units

as follows :
= (1+a0)}t~ .
——=|c)=Q pc)
;[ (I+r) g‘
where
_l+a,
1+r

‘We will make the following additional assumption here:
Assumption3. A4 (0)=1and g<a,<r.
The accumulation equation (5) is constructed based on the efficiency-units PPF as explained

in Remark 3, where
mzk(t) and K(+1) _ (I+2)K(t+1)
L(2) L(2) (1+g)L(?)

The following important remark is in order now :

=+ g)k(t+1).

Remark 2. [t is important to note that the accumulation equation (5) will be directly derived from
rewriting the following efficient-units accumulation equation constructed based on the efficiency-units

PPF by dividing both sides with L(t) :

Y(£)+(1-8)K()—K(t+1) =0.

Observing Figure 5, the TFP growth effect will be annihilated by discounting the original-units
variables with each sector’s TFP growth rate, but the efficiency PPF could still expand outward
because of the capital accumulation itself. Indeed, the equation (5) will exhibit this process.

If X and Z indicate initial and terminal capital stocks respectively, the reduced form utility
function V' (x,z) and the feasible set D will be defined as follows:

V(x,z)=u(T[(1+g)z—(1-9)x,x])

2 This type of objective function was originally used by Uzawa (1964).



and
D= {(x,z) eR. xR, :T[(1+g)z—(1-9)x,x] = 0}
where x =k(t) and z =k(t+1). Note that we eliminate the time index for simplicity.
Finally, the per-capita efficiency-units model will be summarized as the following standard
reduced form model, which have been studied in detail by Scheinkman (1976) and McKenzie
(1986).
“The Reduced Form Model-

(**)Max i PV (k(t),k(t+1)) st (k(£),k(t+1)) € D for t >0 and k(0) =k.

Also note that any interior optimal path must satisfy the following Euler equation,

which exhibits an inter-temporal efficiency allocation condition :

V.(k(t=1),k@)+ pV (k(t),k(t+1))=0 forallt=0 6)
, where the partial derivatives mean that
oV (k(t),k(t+1)) OV (k(t—1),k(t))

Vo (k(0), k(t+1)) = and V_(k(t =1), k(1)) =

Ok(t) k(1)
Note that under the differentiability assumptions, due to the envelope theorem, all the prices

will be obtained as the following relations:

dc oT(y,k oT(y,k
=_~=1,p=_q(_31), QM
dc oy Ok

q ,and w, =qc+ py—wk

, where we normalize the price of consumption good as 1.

Now we will define the optimal steady state as follows :
Definition. An optimal steady state path (0SS) k£” is an optimal path which solves the
reduced-form model (**) and satisfies k” = k(¢) = k(¢ +1) for all t > 0.

3. UNBALANCED GROWTH

In this section, based on the Cobb-Douglas technology, we will calculate the optimal steady

state numerically.

3. 1. Existence of the 0SS
Using the accumulation equation and let us define
V(x,z)= T[(l +g)z—(1- 5)x,x] where x =k(t), z=k(t+1).

Then, the Euler equation will be derived as follows :
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a+) L[ 2|l -5 2L 0Ty, @
oy \U+g oy ©k
Evaluating (7) along the OSS yields,
P _
(EJ[pp(l—é')—krp]—pp ®
From (2),
o[ ¥’
k=B (?} ©)
From (8),

yel

(”—j - P =m. (10)
) (1+g)-p(-0)

P
Eliminating (p_p] from (9) and (10) yields,
r

~p
ki = pmy 11
Furthermore, substituting again (11) into (3) and using the facts that }p =(g+0)k”", we

have
(alﬁz )ﬂ2 (ﬂlm) = ﬂlﬁz [0!2 + (0!1,32 - a2ﬁl ym(g + 5)]ﬁ2 (kp )ﬂz 12)

Solving (12) with respect to £, we have proved the following result.

Proposition 1. The OSS is numerically obtained as follows :

kp — (alﬂz )(ﬂln/l)ﬂ2 Where m= p .
A [0[2 +(a b, _a2ﬂ1)m(g+5)] (I1+g)-p(1-9)

3. 2. Unbalanced growth
Due to Proposition 1 and the accumulation equation (5), ;p = (g + 0)k” holds. Thus the
output of the capital good sector at the original-units value: )7p (¢) canbe expressed as
7 (6)=(+a) 40)5.
This means that the per-capita output of capital good sector grows at its TFP growth rate
along the OSS path.
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Furthermore, since¢” =T (;p , kp) holds, it follows that & (£)=(1+ a,) 4, (0)c”. Thus
the per-capita output of consumption good sector also grows at its TFP growth rate.

The above result is summarized as the following corollary:
Corollary. The optimal consumption and capital output steady state paths, denoted by

c(t)” and y(t)” respectively, are growing at its own TFP rate: a, and a, respectively.
This result can be illustrated as Figure 6, where each sector’s production function will shift at

~P 1,
= M . Instead of using those

Ok

——aT(}p’kp) and w’

its own TFP rate. Note that p’=

expressions, to investigate the prices, it is more convenient to rewrite the prices in terms of the
conventional rental-wage ratio used by Uzawa (1964). Note that the following relations concerned

with the rental-wage ratio, often denoted by @ will hold:

o(Ten 1\ T T
0 _ Ao(t)|:f CAGRIEVAG ak_o(t)} ) Al(t){ A CIGRIEAG! 8E(t)}
= Wo(t) = afo - af‘l
A4,(1) ak_o(t) A (1) GE([)
T (4 — ko(t) - _m
,Where k()= 7.() and k,(t) = fl(t).

fr+l
o

The Hicks-neutra
Tech. Progress

fr+l
1

The technology
doesn’t affect!

Yoy KO =kf(r+1)\"':(’) =k (r+1)
—{7) 0=+ GOREAGEY

Figure 2. Properties of the Unbalanced Growth

> (k,0)




Kenjiro Ara Meets Frank Ramsey: Unbalanced Growth in A Neoclassical Optimal Growth Model 11

Based on these relations, due to the fact that k”is constant along the 0SS, @” is also
constant. Since the relative price of capital good: p(¢)is a function of @(¢), it must be also
constant along the OSS.

Now we can define the Gross Domestic Products on the OSS (the OSS-GDP for short) as
follows:

() + p Y (6) = A0 + 4,(0p° Y.
Since the growth rate of the OSS-GDP is expressed as the weighted average of the growth

rate of both sectors :

AN
The growth rate of the OSS — GDP = (D)e a,

4,0 + 4@ p”y”

Ap’ Y
4,0 +4@)p°y"

a

Thus the GDP grows at a certain constant rate of growth calculated as the weighted sum of
the growth rates of both sectors. Based on the above relation, we will easily demonstrate the

following proposition:

Proposition 2. If ¢, > a,(a,< a,), then the OSS — GDP growth rate will converge to a,(a,).
Note that this proposition exhibits a sharp contrast to the result referred to as “Baumol’s cost

disease”: the GDP growth rate will converges to that of the stagnated sector. On the contrary,

Proposition 2 implies that the growth rate of the GDP will converges to that of the non-stagnated

sector. Thus we have proved the anti-Baumol thesis.

4. LOCAL STABILITY

In this section we will show the local stability in the sense of saddle-point stability. By so doing,

we demonstrate that the corollary of Proposition 2 will take place at the limit.

4. 1. Capital intensity

Let us first define the capital intensity of a sector.
Definition. (capital intensity) When o, / a, > B,/ B,(e, / ety < 3,/ ,) holds , we may say that
the consumption good sector is capital intensive (labor intensive) in comparison with the capital
good sector.

As we have examined in Takahashi, Mashiyama and Sakagami (2011), we have presented firm
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evidence such that in any OECD countries the consumption good sector is capital intensive.

However, we will study both cases here.

4. 2. Local stability

By expanding the Euler equation around k”, the following characteristic equation will be

derived:

PVLA + (V2 + pVDARVE =0 where pl =,
+8

If V2 #0,then we will yield
. VPt pVr yr
p/12+—( =t PVe) , Ve g (13)
Ve 4
The local stability will be determined by this equation. Let us solve (13) numerically.

Lemma 23. The characteristic equation (13) has the following two roots :

_% [1—m(1—5)]+m(1—5)(0{2 -5)

A
m(a, = f,)

2

L _ i m(az B ﬂz)

pL Pl [1—m(1—5)]+m(1—5)(a2 -5)

In other words, Aisa root, then Lﬂ, is also the root of the characteristic equation (13).
Y2

Proof. Linearizing the Euler equation (6) around the OSS yields the following well-known

characteristic equation (13).

By the facts that V = —(1-0)T. +T. and V_, =T, we will obtain the followings :

VE=(1=6)"T. ~(1-OI -~ (1= + T

z

P (14)
P _TP A_X_ _ P
=(1-8)[ -1 TZJ{A,, ( 5)}%

Ve=vy=-T.(1-6)+T~ 15)

xz %

3 Levhari and Liviatan (1972) has proved this property in a general optimal growth model.
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Vp — TP

zz %

(16)

ok{
where A = o, B, +(a, B, — azﬂl) and Al =(ao, 3, - az,ﬁl)—

From (3),

ok _ BTN Ak (AT B AL

ox (a3, dy (a3,

Then we may show :

p Y ! p _
o= A pe el o ppl@tBn g
' B\ B ' A7 ' a,

Some manipulations will yield
AL @ 7 (18)
Al (af—afm —(a, = f,)m

Substituting (17) and (18) into the equations (9) through (11) will yield

pVE L (1=-Om(a, - B,)+a,[l-m(1-5)]
7 m(f, —a,)

,and

V_zf_ m(p, —a,)
Ve (1-8)m(a, - f,) +an[l-m(1-5)]

Thus the Euler equation will be eventually rewritten as follows :

pw+{p»{(1—5)m(az—ﬁz)+a2[1—m(l—5)]}{ m(p, - ) }}M:O.
m(p, —a,) (1=0)ym(ar, = p,) + o, [1-m(1- )]

Thus we obtain the two roots of the equation (13).H

Based on Lemma 2, we can show the following proposition :

Proposition 3 . The following two properties hold :
1) If the consumption sector is capital intensive, and & +2g <1* , then there exists

p'>0suchthat p e[p',1) implies that —1< A <1.

2) If the capital good sector is capital intensive, then there exists p">( such that

4 From the Penn World Table, we may observe that §=0.25 and g=0.25 at most. Therefore this

condition could be justified.
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b
=
£
H

pelp"1)implies that 0 < A <1.

Proof. Based on Lemma2, let us define the following functions :

,1(p):w+(1_5):[L){L_(l_&}_(l_&

m(p)a, - B,) a,=p, ) m(p) (14)
h S —
B T
Differentiating (14) yields,
' (24 —m '(p)
ﬂ,(p):( 2 J[ j . (15)
a,—p, m’ (0)
and
\ (I+g)
[(1+g)-p1-6)F
The second term of the right hand of (15) is positive.
Also note,
A1) = _ [g+25-1]+(1-3) . an

I will prove the proposition in two cases.
Case 1: The consumption sector is capital intensive.

In this case, a, < 8, holds. Then we have the following result

A'(p)<0and A(1) > 0.
However, the sing of A(p) isundetermined. A(1)>0 comes from the fact that g+26 <1.
Thus there exists p'>0 such that
pelp' ) implies that —1< A <1.

Case 2: The consumption sector is capital intensive.

Due to the definition, c, > ﬂ2 holds. From (15) through (17), it follows that

Ap)>0,1'(p)<0and A(1) > g+ 0. The last result comes from the fact that

L.

1

Therefor there exists p">0 suchthat pe[p",1)implies that 0 < A <1.
This completes the proof. H
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From Proposition 2, there exists a ﬁ > () such that the characteristic equation (13) has one
root with its absolute value less than one and the other characteristic root with its absolute value
greater than one for p €[p,1) . Thus we have demonstrated the local stability.

Proposition 4. Under the both capital intensity condition®s, there exists a ,5 > 0 such that the
optimal steady state k” for p € [;), 1) is locally stable in the sense of the saddle point .
Corollary: Each sector’s optimal path in the neighborhood of the optimal steady state k” for p €[p,1)
will converge to its own optimal steady state :

@ 0,7 @t)> 7 ) ast - .

1t follows that in terms of the oviginal-units variables, sector’s per-capita capital stock and output
eventually grow at the rate of sector’s TFP growth:

() =(+a,)'c and y*(t)=(1+a)'y .
5. CONCLUTION

We have shown the existence of the unbalanced optimal steady state growth path and, by
demonstrating the saddle-point stability, the optimal path of each sector will converge to its own
unbalanced growth path with its TFP growth rate. Thus in the end, the sector with the higher
TFP growth rate will dominate at the aggregated GDP growth rate. This result shows a sharp
contrast to that of Baumol (1964).

Needless to say, the existence and the global stability of the efficiency OSS under the
assumptions of general production functions among sectors should be left for a further research

problem.
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Appendix A

Let us review the two-sector growth introduced by Ara (1969)¢ in terms of our model notation
used in the model. Ara (1969) has set up a continuous-time Uzawa-type two-sector non-optimal

growth model with the following Cobb-Douglas production functions:

C(r) = 4, Ko ()" Ly ()™

Y(0)= 4" K, (0" L, ()"

He also made the following two extra assumptions; (A) and (B) other than ours:

(A) Economic agents have a static expectation.

(B) Labor income is only consumed and rental income is solely saved.

Let us define G(x)=(1/x)(dx/dt) and the long-run equilibrium will be defined as the
economic situation in which G(KX,(¢)) = G(K,(¢)) = G(K(¢)) = w" holds, where W' stands
for the long-run equilibrium profit rate, which is stable. Then his model in the long-run will be

eventually characterized by the following seven equations:

(i) G(C() = Z—"Z+ "

, a
@) w :a—2+n,

i) G(K(1) =52+,

@) G(L()=n,

@  G¥()=a +p, Z_ZJ“ n,
@) G(p) =q, (;—j—]
wi) Gw,(t)=a,+ Z—OZ.

We may easily notice that his model is an unbalanced growth model, because

G(C@)-G(L, (1) = Z_‘Z #GY()-G(L())=a,+ S, Z_‘l holds. Therefore each sector’s

6 Since Ara (1969) was written only in Japanese, very little attention to the paper has been made.
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per-capita output grows at the sector-specific growth rate. However, note that his results show a
sharp contrast to the one we obtained here in three points; firstly, we have proved that in his
terms,
G(C(0) = G(Ly(1) =a, = G(Y (1) - G(L, (1)) = a,.
Secondly, we have shown that the long-run per capita capital total stocks are constant. On the
o)

contrary, from (ii7) and (iv), G(K(t))— G(L(t)) = o and the long-run per capita total capital
2

is growing. Thirdly, in his model, all the prices grow as shown by (v7) and (vii). In our model
those are constant. Of course these differences come from his special model setting and

assumptions.



