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Marshallian Competitive Economy with Increasing
Returns and Free Entry of Firms

Takashi SUZUKI'

Abstract

A Marshallian general equilibrium model will be constructed and studied. We call our model
“Marshallian” because (1) there exist the external increasing returns in Marshall’s sense in the economy,
(2) there is a continuum of (potential) firms each of which has a technology that allows set-up cost and
U-shaped average cost function, and hence (3) firms’ free entry and exit occur and the number (mass) of
the active firms is determined endogenously according to the profit conditions. We will prove the exis-
tence of equilibrium and give a through exposition of its welfare property.

Journal of Economic Literature Classification Numbers: D51, D62, L11.

1 Introduction

In his famous Principles of Economics [9], A. Marshall tried to explain the ongoing economic
progress by means of increasing returns. It seems that he was aware that “internal” increasing
returns generated from convex production functions are not compatible with the competitive
behavior of firms. In order to avoid this, he introduced the notion of economies that are external
to firms but internal to an industry and claimed that this “external economies” give rise to the
increasing returns which are compatible with competitive equilibrium.

However, this idea of increasing returns was seriously attacked by P.Sraffa [17] and inde-
pendently by F.Knight [8]. They did not believe the claim of Marshall and his followers' and
argued that competitive equilibrium with increasing returns (no matter whether they are inter-
nal or external) was impossible. Knight left his famous remark on the increasing returns that
“it is an empty economic box.” Although there were indeed the conceptual and technical confu-
sions, the idea had been kept to be used among international trade theorists because of its own
charm?®. Among those, one of the most important paper seems to be that of A. Young [19]. In this
paper, he gave an intuitive idea that the increasing returns are driving force of the long-run

economic growth.

t This paper is based on chapter 5 of my Ph. D. thesis submitted to University of Rochester. I would like
to thank Professors Marcus Berliant and Lionel McKenzie for their helpful comments. Of course the
usual caveat applies. Financial support from the Institute for Research in Business and Economics, Meiji
Gakuin University is gratefully acknowledged.

1 For example, see F. Graham [5].

2 See Chipman [2] and Helpman [6].
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Finally in 1970, the problem was cracked open by J.S.Chipman [3] who gave a clear and
simple expression of Marshall’s idea and showed that the increasing returns were indeed com-
patible with competitive equilibrium. In his interpretation, each firm producing commodity
j(=1,..., n) has the production function y; = k,z;, where y; is the output and z; is the input. k;
is treated as a constant by each firm, but actually it is related to the (aggregate level of) input by
the condition that k; = «; szl, where pj( > 1) is called the “degree of homogeneity” Then the firm
operates subjectively under the constant returns, but the objective production function is “incr
easing returns”, y; = k;z7". He assumed that there was only one consumer in the economy with a
Cobb-Douglas utility function Z a;log x; and one unit of labor, where z; is the consumption of
the final output 7. This s1mp11flcat10n allowed him to compute the equilibrium directly. Further-
more, he obtained the condition under which the equilibrium to be Pareto optimal. According to
his result, the competitive equilibrium is Pareto optimal if p; = k'Z:II a,p, foreverj=1,...n

P. Romer [13] applied this idea to an optimal growth model and revived A. Young's idea that
placed the increasing returns in a central role for the economic growth. He observed that the
optimal path in growth models with the increasing returns, if it existed, could grow without
bound and the turnpike property did not hold. This is in contrast with the standard growth
model. Suzuki [18] proved the existence of equilibrium for a general equilibrium model with the
infinite time horizon in which equilibrium path could grow without bound, and confirmed the
conjecture of Young and Romer.

In the present paper we will go back to Marshall’s original scenario and construct a general
equilibrium model with the increasing returns. We call our model “Marshallian” because (1)
there exist the increasing returns in Marshall’s sense in the economy, (2) there is a continuum of
(potential) firms each of which has a technology that allows set up cost and “U-shaped” average
cost function, and hence (3) firm'’s free entry and exit occurs and the number (mass) of the active
firms is determined endogeneously according to the profit conditions. The market struture with
these properties is thought to be close to that of Marshall [9]°

The mathematical structure of our model is similar to that of Novshek and Sonnenschein
[10], in which they constructed a general equilibrium model with a continuum of firms, each of
which is small relative to the whole market (the efficient scale is small) and has a nonconvex
production set which allows U-shaped average cost curve. The “convexfying effect of aggrega-
tion” brings the convex total production set and existence of competitive equilibrium results.
Moreover, they proved the first and second welfare theorems. The present paper adds two more
things to their analysis. First, we introduce the increasing returns into their equilibrium exis-
tence theorem. This result is thought to be a definitive answer to the criticism of Sraffa and
Knight. Second, we give a thorough exposition of the welfare property of the equilibrium. Since

the increasing returns arise from externalities, the welfare properties are not trivial matter. We

3 For the above characterization of Marshallian economy, we follow Novshek and Sonnenschein [11].
However, since the increasing returns are not focus of their paper, they do not include it in the characteri-
zation. Form our point of view, the increasing returns are one of the essential issue of the character of
Marshallian economy.
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will extend the welfare theorem of Chipman [3] explained above to the case of several consum-
ers.

The paper is organized as follows. In Section 2, the model is presented and the definition of
the competitive equilibrium is given. In an example, it is pointed out that if every firm has the
same production set, the model is formally reduced to that of Chipman [3]. In section 3, existence
of the equilibrium will be proved. In so doing, we use the standard technique of Shafer and
Sonnenscein [16]'s existence theorem with externalities. In section4, we will extend the
Chipman’s first welfare theorem to the case of several consumers. Heuristically, the point of the
problem can be explained as follows. Imagine an Edgeworth box. Here we are in a situation that
the equilibrium is not on the contract curve (the set of Pareto optimal allocations) because of the
externalities. Thus the question is: Which point of the contract curve should be compared to the
equilibrium? Defining the social welfare function as a weighted sum of the individual utility
functions, the weights are one to one correspondence to the point on the contract curve. There-
fore the question is equivalent to: Which weight should be used to compare the equilibrium with
the optimum? Note that this problem did not arise in Chipman [3], since he assumed that there
was only one consumer, so that the social welfare function coincided with the individual utility
function. Fortunately, the fixed point mapping of Negishi [12] tells us the correct weight, and
using this mapping, we can calculate the optimal allocation corresponding to the equilibrium.

The final section concludes.
2 The Model

There are three categories of commodities, the final output (consumption goods r & 2", the
intermediate good y € 2 and the primary foctor z € 2. The intemediate good is produced from
the primary factor and it is used to produce the consumption goods. The set of firms producing
the intermediate good is assumed to be 2, = [0, + ), the set of non-negative real numbers. The
firm B € 2. is characterized by the production set Y(8) = Y(8)U {0} (C 2%), where Y(B) is a
closed subset of 2, X2 and its generic element is denoted by n(8) =(y(B8),—z(B)) E R, X2 _.
See Fig. 1.

The nonconvexity of Y(8) allows “set-up cost” and it yields the “U-shaped” average cost
curve. Consequently, free entry and exit of firms are represented as follows. Given price
G = (q,w) € R%, where g is the intermediate good price and w is the wage rate, the firm 8 maxi-
mizes the profit 7 = ¢n in Y(8). If 7 > 0 for some 7 € Y(B), the firm 3 takes a production activ-
ity in Y(B); if 7 < 0 for all n € Y(B), it chooses (0,0) € Y(8), which means the firm leaves the
market.

For every j = 1,..., n, the final output 2’ is produced by the industry 7 which has the produc-

tion function
iR XR, (y,7) ~ f(y7r),i=1..,n (1)

The final output industry takes 7y as given when it maximizes the profit, but actually 7 is
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determined endogenously at the level of (aggregate) input level, so that y =y must hold in
equilibrium. We assume that the function f; satisfies the following properties.

The function f; is of degree of homogeneous one in y:
Ay, 7) = 2£(y,7) for every A >0, (2)
and it is increasing in in 7:
f(y,7) = fi(y,r") whenever 7> 7". (3)

Then by these assumptions, the final output industry operates under the constant returns

subjectively, but objectively it operates under the “increasing returns”, since
fQy,Ar) = Afi(y, A7) = 1f(y,y) for every 1 > 1. (4)

The consumption sector of the economy is standard; there exist m consumers and the con-
sumer i(= 1,...,m) is characterized by the consumption set X; C 2""* (recall that the commod-
ity n+1 is the intermediate good, and the commodity n+2 is the primary factor), the preference
>, which is complete and transitive binary relation on X;, the endowment vector w; &€ 2", and
the share of the firm 3, §,(8) > 0 with é}l 0,(8) =1 ae. As usual we set <,= X; XX\ >=,.

The list (=;, w;, 0;, f;, Y) is called a Marshallian economy and denoted by ¢,,. An allocation
of the economy &, is an m-+n+I1-tuple ((&), (yj), n) consisting of consumption vectors

51.6721“, i=1,...,m, input of the industry j, y;,(=0), and an integrable function n: %2, —
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R.XR_,n(B) =(y(B),—z(B)). Given (7,) = (7,,...,7,,) € 27, an allocation is said to be feasible
for (7) if T&=¢((r)+ Zw;, where (1)) = (fiCy, 7)o, L4 7)), Jy(BIdB— i Y
~[2(8)dp). l l o
A tripler = (p, q, w) € 721+2 of the final output price p, the intermediate good price ¢, and
the wage rate w is called a price system. For the price system (p, g, w), we sometimes write
p=(p,w), 4= (qw).
Now we stste the definition of equilibrium.

Definition : An allocation ((£), (y;), 7) and a price system 7 = (p, ¢, w) are said to be a competi-

tive equilibrium of the economy g, if

(E-1) =& < 7ra),-+f6i([3)(j77(,8)dﬁ, and & >, & whenever 7f < nwﬂrfe(ﬁ)cjn(,@)dﬁ, i=1.., m
(E-2) qn < gn(B) for every n € Y(B), ae.,

(E-3) ?pf(yy)—qy< pjjj«(y,-,yj) —qy; =0 foreveryy > 0,7 =1,..., n,

(E-4) ;EZ(((yi))wL ;w,-.

The economic meaning is clear enough. The condition (E-1) is the standard utility maximiz-
ing condition, (E-2) and (E-3) are profit conditions for the final output and the intermediate
good industries, respectively. Finally (E-4) means that the supply is equal to demand in all
markets.

Next we give two simple examples and compute equilibria for the case n = 1.

Examplel : Let Y(8) = {(1, —B)} U {0, 0}. The firm 8’s decision is just to (a) produce 1 amount
of the intermediate good from 8 amount of the labor or (b) choose (0, 0), i.e., leave the market.
Firms are distributed uniformly from 8 = 0 with the highest productivity (it can produce from
nothing!) to the lower productive firm. See Fig. 2.

The production function of the final output industry is given by f(y,7) = yy, which is of the
increasing returns to scale explained above. There exists one consumer who has e amount of the
primary factor and the utility function u(z,z) = z% Hence he/she supplies the factor
inelastically.

For (g, w) given, 7(8) = g—wB > 0 for 0 < B < g/w. Therefore the total net supply is

fo”““u,—/a)dﬁ = Cgfw, — (/D gl D), (5)

Then by the resource constraint condition, we have (1/2)(q/w)* = e, hence q/w = V2e,
From this, one obtains the consumption z = f([y(8)dB, [y(B)dR) = ([y(B)dB)* = (¢/w)* =
2e. From the profit condition pf(1, fy(ﬁ)dﬂ) = g, it follows that p/w = q/wf(l,fy(ﬁ)dﬁ) = |,

Example 2 : (Chipman [3]): This example is simpler than the previous one, but it is important in
Section 4. Suppose that all firms 8 have that same production set Y(8) = {(1, —1)} U {(0,0)}.
Then the total production set is
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7= [v)d8 = {[9®dslg®) € P® ac
L 13| e = [L—1}]E O, (6)

where B is the set with g(8) = (1, —1) for every 8 € B, and 23 is the set of all Borel subsets of
2.. (6) shows that the total production set is constant return to scale, hence equilibrium rela-
tive price should be ¢/w = 1, see Fig. 3.

Suppose that the final output industry and the consumption sector are the same as Example
1; the production set is given by f(y, v) = y7, and there exists one consumer with e amount of the
labor. Then the net supply of the intermediate good industry is (e, —e) and the consumption
level is determined by z = f(e,e¢) = ¢ and the equilibrium (relative) price of the final output is
p/w = q/wf(1l,e) = 1/e.

Note that this model looks like an economy producing the final output directly from the
primary factor. The formal structure of it is the same as that of Chipman [3]. However, the
interpretation is different. In Chipman’s model, the primary factor is used by (fixed) finitely
many firms and the total quantity is the sum over all firms each of which may use different level
of quantity. On the other hand, in our model, each firm uses one unit of the factor (and produces
one unit of intermediate good), and the total amount is determined by the number (mass) of the

firms which are active.
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—1 0

Fig. 3

3 Existence of Equilibrium

Let Y = f?(B)dB be the total production set. By definition, the integral of the correspon-
dence Y(B) is f?(ﬁ)d,@ = {fy(ﬁ)dﬂ ery:R. —»: y(B) € Y(Bae}.' Then by Richter’s
theorem (Hildenbrand [7, p. 62]), it is convex. Note that 0 € Y, since 0 € Y(8)a.e. Our existence
theorem reads as follows.

Theorem 1 : Suppose that the following conditions hold.
For every i1=1,...,m,

(C-1) X, is closed, convex and bounded below,

(C-2) the set {(z,z) € X;xX;|x >,z} is closed in X;XX;, and for every z € X,, the set
{z€ X,|z =, x} is convex.

(C-3) thereis nox € X, such that x >,z for all z € X

(C4) w; < interior X;,

(C-5) the function 6,: 2, — %2, is measurable,

4 For the properties of the integral of the correspondence, see Hildenbrand [7].
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(F) the function f;: 2, X%, — 2. is continuous, j=1,..., n,
(Y-1) the correspondence 8 — Y(B) has a measurable graph,
(Y-2) thesetY = fff([a’)dﬁ is nonempty and closed,

(Y-3) Ynz:i={0

Then there exists a competitive equilibrium for ¢,,.

Proof : In order to prove Theorem 1, we consider the variable profit assignment Arrow-Debreu
economy (Novshek and Sonnenschein [10]). Given an economy (X, >;,w;,6;,f;, Y), the associ-

ated variable profit assignments economy e,, = (X;, >, w;, w;, f;, Y) is defined by
7= [¥(®as, (7)
and
w(@) = [6.B)suplanin € () dp, (8)

where ¢ = (g, w).
An equilibrium for the variable profit assignments A-D economy ¢,, = (X;, >, w;, w;, f;
Y) is a pair consisting of an allocation ((§),(y,),n = (y,—z)) and a price system z = (p,q,w)

satisfying:

(B-1") 7E < nw;+w;(§), and & >, £ whenever 7 < nw;+w;(§),1=1, ..., m,
(E-2) Gn’ < Gn for ever o' € Y,
(E-3) pf(y,y)—ay < p'fi(y;,y) —qy; =0 foreveryy = 0,7 =1, ..., n,
(E-9) Z&E={(y)+ Zw;,

where {((4) = (A4 YD, - (8, y= T, —2).

Now we can prove

Lemma 1 : Under the assumptions of Theoreml, there exists an equilibrium for the associated

variable profit assignments economy &,
Proof : Appendix.
And we need

Lemma 2 (Novshek and Sonnenschein [10]) : If the graph of the correspondence 8~ Y(8)
is measurable and ¥ = ['Y(8)dB # 0, then for ever p € "™, sup{pnln< [T(B)dp} =

Jsupipnln € Y(B)}dp.
Now let ((p,q,w), (z), (y;),n) be an equilibrium for &,,. Then by the difinition, the

conditions (E-1) and (E-3) are met. Since 7 Ef?(,B)d,B, we have an integrable function
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n:R, =R, X®R_ such that (8) € Y(8) ae. and n = fn(ﬁ’)dﬁ‘ By Lemma 2, §n(B) = sup{dnln
€ Y(B)} ae, where ¢ = (¢, w). Hence (E-2) is met. Since n = fn(B)d,B, (E-4) follows from
(E-4"). Therefore ((p,q,w), (z;), (y,),n) is an equilibrium for ¢,,. Nl

4 Optimality of Equilibrium

In this section, we consider the Pareto optimality of equilibrium. Throughout the section, we

assume that the model is that of Chipman [3]’s type, that is, every firm 8 has the production set
Y(B) = {(1,—1D), (0,0}, (9)

then the total production set ¥ = ff’(ﬁ)d,B is constant returns to scale,
Y={-0lt=0). (10)

Hence in equilibrium, it follows that ¢ = w, and the economy behaves as if there are no
intermediate goods and the final output is produced from the primary factor directly. See Exam-
ple 2 of Section 2.

Set f;(y,y) = ¢;(y). Then the elasticity of industry j is given by €,(y) = ¢;(y)y/#(y)".

As in Chipman [3], we assumed that the utility function is of Cobb-Douglas and the con-

sumer ¢ has the utility function

n . N . n .
u(x,) = 21 dilogzl, ai >0, T al=1 (1
i= i=1
and the initial endowment w, = (0, ..., 0, ¢). Note that the utility function does not depend on
2/ and 2% This assumption combined with the form of initial endowment vector implies that

every consumer supplies e amount of the primary factor inelastically.

Let the total resource be Z = me. We are interested in the condition under which the com-
petitive equilibrium coincides with the Pareto optimal allocation. For this purpose, first we shall
characterize the equilibrium as a fixed point of a mapping which was developed by Negishi [12].

Giveny = (7,, ..., 7,) € 2, consider the constrained optimization problem
P((y)): Max_Zl o; Zl o’ log x} subject to
i= ji=
z o <y, 1), i=1.m,
Yy <7 (12)

where o, ..., g,, are weights of consumers satisfying o, > 0, 2 ¢; = 1. By the Kuhn-Tucker
i=1

theorem, the solution of this problem is a saddle point of the Lagrangian

L, (x), (y),p,w) = Tallog zi+ ' (fi(y;, 1) — Z 2D +w(Z— T y). (13)
L] 7 1 J

5 Chipman [3] assumed that ¢,(y) = k3", where &, and p; and constants, so that the elasticity is constant
and equal to p;. He called p; the degree of homogeneity.

37



BHEUIE (BIRERERE) 8 130 &
Let the saddle point be ((z]), (y;), p*, w*). Since the set of feasible allocations is bounded,
we can take a constant & > 0 such that

max{lee*pinIZ < f(y,1).i=1..m Zy; < Z} < b. (14)

J

Given ((g), (z]), (p)), w), define (¢¥) by

. max{0,0,+1/b)(we—px)} . _
o >max {0, g,+ (1/b) (we—pz)}’ i=1..,m (15)

Then the competitive equilibrium is the fixed point of the mapping ® defined by*

©: (o), Oy, (x), (yp, p,w) — ((af), (yF), (xF), (yP), p*, w*). (16)

Setting (0;) = (o) and (7;) = (y) in the first order conditions for £,,, we have
o (dl/x)—p*=0,i=1,...m, j=1, .., n an
PRGNy —wryr=0,7=1,.., n (18)

The conditions (17) and (18) are nothing but the utility maximization and profit maximiza-

* —

tion conditions, respectively. Summing (17) over j and using p*z} =w*e, we obtain
of=w*e,i=1,..,m. (19)

This is a well known condition: in equilibrium, the weight of a consumer is the inverse of his
marginal utility of income (Negishi [12, p. 97]).
Summing (17) over i with the help of (18) and (19), w*(Za)) e = p” Xz’ = p”¢; (y;)

= w'y;, hence

y]-':Zafe,j:l,...,n, (20)

and from this, one obtains
piw =y /e (YD), i =1, ... (21)
17 = (w'/pNale = (@) Tab) b, (y]-‘j), i=1,...m j=1 .. n (22)

Therefore the competitive equilibrium is given by (20), (21) and (22).

Now consider the social optimization problem
P: MaxX g; & ol log ] subject to
1 ]
T <¢;(y,i=1..n,
1

I (23)
7

6 In earlier stage of the research, the author carried out this idea in detail to prove the existence of equilib-
rium for the Chipman model before he applied the game theoretic approach of Shafer and Sonnenschein.
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The problem does not depend on (7;) any more. On account of (19), we set 0, =... = g,
= w'e to compare the equilibrium and an optimum. In words, we compare two allocations with

the same social welfare function. The first order conditions are

we (@/z)—X¥=0,i=1..,mj=1.., n, (24)

Vg (yD—v, j=1,..n, (25)
where ¥ and v are multipliers. Summing (24) over i, we have
V=uw'e ;M/;rfj = w'e?af/q@- (¥, 7=1,.., n (26)
Substituting (26) into (25),
w'e;af (¢; (YD /p; (YD) =v, j=1,..., n (27)
Multiplying y; with (27) and summing over j,
v = (w'e/Z)?%’.af (; (wyj /9, (y))). (28)

Substituting (28) into (27), one obtains

o __ €]- (y]a) ;
ui = <(1/m)2_2_a;iej @;))?“f‘i (29)

From (24) and (26), the optimal consumptions are determined by

_ j
x = <£{’x]_»>¢j<y;’), i=L..,mj=1..,n (30)

i

According to (20), (22), (29) and (30), we have
<z’ od W) <o ey <y o) <A/mITde (y). (3D
ij

Therefore we have obtained the next theorem which was first stated by Chipman [3, p. 365]

for the case m = 1.

Theorem 2 : Suppose that every consumer has the Cobb-Douglas utility function (11) and the same
amount of labor as endowment. Then, optimal output of the j-th product is greater than, equal to,
or less than competitive output’ according as the elasticity of the industry (at the optimum) is
greater than, equal to, or less than the weighted average of elasticities of all industries. In particu-
lar, if all industries’ elasticities are equal to the weighted average, the competitive equilibrium is

Pareto optimal.

7 Laissez-faire output in Chipman'’s terminology.
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5 Conclusions

1. For simplicity, we have assumed that there exist only one factor and one intermediate
good. It is clear that there are no difficulties to extend to the case that there exist finitely many
factors and intermediate goods. An interesting and challenging problem is that the commodities
are perfectly differentiated, so that there are infinitely many (continuum of) goods (or factors).
Romer [14] analyzed such a market in which the intermediate goods are subject to commodity
differentiation. This formulation is important from the Marshallian point of view, since accord-
ing to Marshall, one reason of external economies is the increase of productivity due to speciali-
zation such as the division of labor, and the commodity differentiation of the input goods
naturally represents the specialization.

2. Related to this point, the study of other (not competitive or imperfectly competitive)
equilibrium concepts such as the core, Cournot equilibrium, etc... should be of interest. For
example, since the competitive equilibrium with external increasing returns is not generally
Pareto optimal (see Theorem 2), the existence of competitive equilibrium (Theorem 1) does not
imply the nonemptiness of the core which is a subset of Pareto optimal allocations by definition.
Hence the existence of the core in this context is an open question.

3. With regard to the question of the compatibility between the increasing returns and
competitive equilibrium, we would like to say that our solutions given by the present paper and
[18] are definitive. A reason that this problem was so formidable in the 1920's and 30’s is that
there was a basic confusion between externalities and increasing returns; people often mixed up
a nonconvex technology and increasing returns. However, the modern general equilibrium
theory removed the confusions and provided technique to analyze the dynamic market struc-
tures such as the market with infinite time horizon of Young [19]’s type or that with firms’ free
entry and exit of Marshall [9]’s type. Furthermore, the work of Chipman and Romer facilitated
our understanding of the increasing returns. We synthesized these accomplishments of the past
and solved a few technical problems. Now we know that the theoretical foundations of the idea
is solid and the picture of Marshall and Young which placed the increasing returns in a central
role for the economic progress is correct. We hope our result will be a stepping stone for further

investigations in the future.

Appendix

In this appendix, we will prove

Lemma 1 : Suppose that an economy &, = (X, >,, 0, 0, f, Y) satisfies the following condi-
tions.

Foreveryi=1,...,m,
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(C-1) X, is closed, convex and bounded below,
(C-2) the set {(z,z)|x >z} is closed in X;X X, and for every x € X,, the set {z €X;|z >, z}
is convex,
(C-3) thereis nox € X, such that x >,z for all z € X,
(C4) w,; E interior X,
(C-5) the function 0, : 2, — 2 is measurable,
(F) the function f; : 2, X2+ is continuous,j = 1, ..., n,
(Y-1) the correspondence 8 — Y (8) has a measurable graph,
(Y-2) theset Y=/ Y (B)dB is nonempty and closed,
(Y-3) Yn=i={0.
Then there exists a competitive equilibrium for the associated variable profit assignments

A-D economy &y ).
Proof : In order to prove Lemma 1, first we will show that
Claim1 :sup{y > 0|(y, 2) E V,0< z < X0} < o0

Proof : Suppose not. Then there exists a sequence such that n, = (y,,z,) € ¥, 0 <z, <X 0}
and y, = +o0. Let 7, =n/ly,|. Since ¥ is convex and 0 € ¥, 7, € Y. It can be easiiy seen
that 7, — (1, 0). Since Y is closed by the assumption (Y-2), we have (1, 0) € Y. This
contradicts the assumption (Y-3). i

Next we want to show that

Claim 2 : The set of feasible allocations
A={®&), (), (g, —2) EMXXRIX V| E = ((y))+ T,

where ¢ ((y)) = (fi (W, v, oos fo (W U, Y— ; y;, —2), is bounded.

Proof : Let ((£), (y)), (y, —2)) € A. Then it is clear that 0 < z < T w!"%. By Claim 1, we have
0<y<g=sup{ly=0|(y,2) €Y,0<z<Zw™?. Thus for elveryj, 0<y <g+tXo ',
and for every i, b; < £ < j;(—bj)#—( ((17));L )i]a),-, where b, is a constant with b, < g for
every £ € X, i=1,...,m. 1
By Claim 2, we can take a compact interval / C 2 such that A C interior K, where K =

](n+2)m+n+2

We need

Lemma 3 : (Shafer and Sonnenschein [15]) : Let an abstract game I' = (X,, P, 4,) satisfy the
following :
(a) Each X, is a nonempty, compact and convex subset of 2k,

() Each P, is a preference crrespondence P, : I X; — X, such that
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(p-1) P has an open graph in IT X, X X,
(p-2) foreveryz = (z,) € HX:, x; & conv P, (x), and®
(y) each 4, is a constrain{ correspondence 4, : II — X; such that
(yél) A4, is a continuous correspondence, 1
(y-2) for every x € II; X,, #4; () is nonempty, compact and convex.
Then there exists an equilibrium for T, i.e., there exists an £ = (£) such that for each 1,
(6-1) €4, (D),
(6-2) P (2)NA&, (z) =0.

The remainder of the proof will proceed along a familiar path (e.g., Arrow and Debreu [1] or
Shafer and Sonnenschein [16]). We convert &,;, into an m+n+2 person game I with the strat-
egy space "% Fori=1,..., m, we set X, = X,NJ""% Netx forj =1, ..., n, define

X

m+j

= {(:ck) = 73"*2‘:{‘ =0forall kbutk=m+jorn+l, 2"’ >0, 2" < 0}, (32)

and

R = {(@ ER"Y2* = 0forall k but k = n+1 or n+2, 2" >0, 2" <0}.  (33)

Finally, we define

Xm+n+2 - {7[ - (pk> e 731+2

N = 1}. (34)
k=1

n+1 n+2

Sometimes we write for (p*) € Xm+,,+2, P =gq,p""" = w. Obviously, X,» is compact and
convex subset of "% i =1, ..., m+n+2.
The first m players are described as follows. The player 7 has the choice set X’i, the constraint

correspondence A&, : Hif(i — X, defined by

4, ((z), ), m) = {z € Rnz <m0+ 1Y}, | (35)
and the preference correspondence PI 2 11 Xi —> X',- defined by

}31' ((1‘5), (yj), 7[) — {Z [= Xi

; <,-z}, (36)

By (C-4), the correspondence 4, is continuous (Debreu [4, p.63]), and clearly it is nonempty,
compact and convex valued. By (C-2), P, has an open graph and z; & conv B, ((x,), (y;), 7). The
players j = 1, ..., n are described as follows. The constraint correspondence 4, : I, X; = X, is

4, ((z), (g, ) ={z2=@G" € X, |2"7 < £, -y}, (37)
and the preference correspondence 13, 11 X'i — X,,,+i is given by

B ((z), (yD,m) = {z e Xm+j17zz > nyj}. (38)

By (F), it is easy to show that the correspondence ;4]- is continuous. Obviously, it is nonemp-

8 conv A means the convex hull of the set A.
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ty and compact valued. It is clear that 13. has an open graph and y; & conv }3 ((zp), (yp), 7). The
player m+n-+1 has the constraint correspondence 4,,. . : H X,— X, ., defined by

’4m+n+l ((Ii)v (yj)v 7T> = {Z = <Zk) e Xﬂz+n+l‘(zn+l’ Zn+2) € }7} (39)

Clearly it is nonempty, compact and convex valued, continuous correspondence. Its prefer-

ence correspondence is the same as that of the player 7 and it is given by
pm+n+1 ((Ii), (yj), ) = {Z = XernJr]‘”Z > ﬂ—ym+n+1}' (40)

As stated above, it has an open graph and y,,.,., & conv P, ... The last player, called “the

market player” has the constraint correspondence
’47n+71+-2 ((xi)' (yj)’ 7Z) - Xm+n+2' (41)

Since the 4, ., ., is constant, it is continuous. Obviously it is nonempty, compact and convex

valued. Its preference correspondence P, ., ., : nx,— X ... IS given by
1

pm+n+2 (zp), (g, m) = {7? e Xm+n+2 3 <; r—f{— ;wz) >

T (2 ‘ri_(_ Zwi>}‘ Where ( = (yll’ seey ynr y:-tll Z y"*l! ;I?) (42)

It is easy to verify that P, ,., has an open graph and 7 & conv P,H,Hz. By Lemma b, there
exists an equilibrium ((£,), (g,), 7) for I'. We can easily check that (E-1), (E-2") and (E-3) are
met. Then by summing the budget constraints over ¢ = 1, ..., m, we have the Walras law ;
7 (Zx —¢— Za) D <0, where £ = (@1, ..., 9 i1 — Z g y,,LZ) Since the market player maxi-
mlzes the Value of the demand, it follows that # (Z x —&- Z w;) <0forevery 7€ X,,.,., Tak-
ingmr = (6 "), where 6 =1wheni=j,and =0 otherw1se We have Z %; —¢— Zw 0. Therefore
(E-4") is met and the proof is established. il
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